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Abstract 

Let (A/, uj) be a connected, symplectic 4-manifold. A semitoric integrable system on {M, ui) es- 
sentially consists of a pair of independent, real-valued, smooth functions J and H on the manifold M, 
for which J generates a Hamiltonian circle action under which H is invariant. In this paper we give 
a general method to construct, starting from a collection of five ingredients, a symplectic 4-manifold 
equipped a semitoric integrable system. Then we show that every semitoric integrable system on a 
symplectic 4-manifold is obtained in this fashion. In conjunction with the uniqueness theorem proved 
recently by the authors (Invent. Math. 2009), this gives a classification of semitoric integrable systems 
on 4-manifolds, in terms of five invariants. Some of the invariants are geometric, others are analytic and 
others are combinatorial/group-theoretic. 

1 Introduction 

The present paper is motivated by some remarkable results proven in the 80s by Atiyah, Guillemin-Sternberg 
and Delzant, in the context of Hamiltonian torus actions. Indeed, Atiyah [1, Th. 1] and Guillemin-Sternberg 
|[T4l proved that if an n-dimensional torus acts on a compact, connected symplectic manifold {M, to) in a 
Hamiltonian fashion, the image pl{M) under the momentum map /x := (/xi, . . . , /i„) : M ^ M" is a convex 
polytope. Delzant |f6l showed that if the dimension n of the torus is half the dimension of M, this polytope, 
which in this case is called a Delzant polytope (i.e. a convex polytope with the property that at each vertex of 
it there are precisely n codimension one faces with normals which form a Z-basis of the integral lattice Z") 
determines the isomorphism type of M, and moreover, M is a toric variety. He also showed that starting 
from any Delzant polytope one can construct a symplectic manifold with a Hamiltonian torus action for 
which its associated polytope is the one we started with. 

From the viewpoint of symplectic geometry, the situation described by the momentum polytope is, 
nevertheless, very rigid. It is natural to wonder whether any of these striking results persist in the case 
where the torus is replaced by a non-compact group acting Hamiltonianly. The seemingly symplest case 
happens when the group is W\ and the study of these ]R"-actions is precisely the goal of the theory of 
integrable systems. Building on previous work of the authors, and of many other authors, we shall present 
a "Delzant" type classification for integrable systems, for which one component of the system is generated 
by a Hamiltonian circle action; these systems are called semitoric. 

Let (M, w) be a connected, symplectic 4-dimensional manifold, where we do not assume that M is 
compact. Any smooth function / on M induces a unique vector field Xf on M which satisfies uj{Xf, ■) = 
— df. It is called the Hamiltonian vector field induced by f. An integrable system on M is a pair of real- 
valued smooth functions J and H on M, for which the Poisson bracket {J, H} := lo{Xj, Xh) identically 
vanishes on M, and the differentials dJ, dH are almost-everywhere linearly independendent. Of course. 
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here (J, H) : M ^ M? is the analogue of the momentum map in the case of a torus action. In some local 
symplectic coordinates of M, {x, y, ^, t]), the symplectic form lo is given by A da; + d?] A dy, and the 
vanishing of the Poisson brackets {J, H} amounts to the partial differential equation 



dJ dH dJ dH dJ dH dJ dH 



dx dx dS, drj dy dy drj 



= 0. 



This condition is equivalent to J being constant along the integral curves of Xh (or H being constant along 
the integral curves of Xj). 

A semitoric integrable system on M is an integrable system for which the component J is a proper 
momentum map for a Hamiltonian circle action on M, and the associated map F := (J, H) : M —>■ M? 
has only non-degenerate singularities in the sense of Williamson, without real-hyperbolic blocks. We also 
use the term A-dimensional semitoric integrable system to refer to the triple (M, u, (J, H)). Recall that the 
properness of J means that the preimage by J of a compact set is compact in M (which is immediate if A/ 
is compact), and the non-degeneracy hypothesis for F means that, if p is a critical point of F, then there 
exists a 2 by 2 matrix B such that, if we denote F = B o F, one of the following situations holds in some 
local symplectic coordinates near p : 



The first case is called a transversally — or codimension 1 — elliptic singularity; the second case is an 
elliptic-elliptic singularity; the last case is afocus-focus singularity. In II17I Th. 6.2] the authors constructed, 
starting from a given semitoric integrable system on a 4-manifold, a collection of five symplectic invariants 
associated with it and proved that these completely determine the integrable system up to isomorphisms. 
The goal of the present is to complement that work, by providing a general method to construct any 4- 
dimensional semitoric integrable system starting from an abstract collection of ingredients. Both throughout 
lITTl and the present paper we make a generic assumption on our semitoric systems; this is explained in 
Section O 

The symplectic invariants constructed in IITtI . for a given 4-dimensional semitoric integrable system, are 
the following: (i) the number of singularities invariant: an integer mj counting the number of isolated sin- 
gularities; (ii) the singularity type invariant: a collection of mj infinite Taylor series on two variables which 
classifies locally the type of singularity; (iii) the polygon invariant: the equivalence class of a weighted 
rational conve^J polygon 



Here A is a convex polygon in M?, the £j are vertical lines intersecting A and the ej are ±1 signs giving each 
line £j an orientation; (iv) the volume invariant: mj numbers measuring volumes of certain submanifolds at 
the singularities; (v) the twisting index invariant: irif integers measuring how twisted the system is around 
singularities. This is a subtle invariant, which depends on the representative chosen in (iii). Here, we 
write mj to emphasize that the singularities that nif counts are focus-focus singularities. We then proved 
that two semitoric systems (M, loi, (Ji, Hi)) and (M, u)2, {J2, H2)) are isomorphic if and only if they 
have the same invariants (i)-(v), where an isomorphism is a symplectomorphism Lp : Mi — > M2 such that 
(p*{J2, H2) = (Ji, /(Ji, -f^i)) for some smooth function /. 

' generalizing the, Delzant polygon and which may be viewed as a bifurcation diagram 



(1) F{x, y, e, r/) = (r/ + x^ + e + 0{{x, S)^)) 

(2) d^F(x, y, r/) = (x^ + e', + rf) 

(3) d^F(x, y, if) = {xi + yq, xr] - yC) 
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Figure 1.1: Weighted polygon (A, {h, £2), (1, -I))- 



We have found that some restrictions on these symplectic invariants must be imposed. Indeed, we call 
"semitoric list of ingredients" the following collection of items (i)-(v): (i) any integer number < mf < 00; 

(ii) an mj-tuple of real formal power series in two variables, with vanishing constant term and first terms 

ai X + with (J2 G [0, 2 7r); (iii) a Delzant weighted polygon ^A, (ej)J!fi^, of complexity 

nif, where A is a polygon, the £j are again vertical lines intersecting A and the ej are ±1 signs giving each 
line £j an orientation; here the Delzant property for A is not the standard one for polygons, but rather a more 
delicate one for weighted polygons which takes into account the presence of the lines £j; (iv) an mj-tuple of 
positive real numbers (hi)"^-^ such that < hi < length(A n ii) for each i G {1, . . . , mj}. (v) an ai^bitrary 
collection of mj integers {ki)^^. Our main theorem (Theorem 14.61 ) says that, starting from a semitoric list 
of ingredients one can construct a 4-dimensional semitoric integrable system (Af, lo, (J, H)) such that the 
list of its invariants is equal to this semitoric list. Moreover, M is compact if and only the polygon in item 

(iii) is compact. 

With this in mind we may formulate the uniqueness theorem in iflTl as: two systems constructed in 
this fashion are isomorphic if and only if ingredients (i), (ii) and (iv) are identical for both systems and 
ingredients (iii) and (v) are related by some simple transformation. This is why, when we formulate the 
existence theorem, ingredients (iii) and (v) ai^e given by orbits of respectively weighted polygons and pon- 
dered weighted polygons, under the action of certain groups. Together with ifTTl Th. 6.2], this gives the 
aforementioned classification (Theorem 14.71 ) . 

While the construction of semitoric systems in the present paper is relatively self-contained, we are 
indebted to the articles of Delzant IH, Atiyah U and Guillemin-Sternberg [Ml, in the context of Hamilto- 
nian torus actions, which served as an inspiration to study the more general situation of integrable systems 
with circular Hamiltonian symmetry. Furthermore, many works have played an important role in our in- 
vestigation of 4-dimensional semitoric systems, by serving as stepping stones to construct the symplectic 
invariants in |[20l associated with semitoric systems; notably we used work of Dufour-Molino |81, Eliasson 
S, Duistermaat Q, Miranda-Zung II6I and Vu Ngoc l[T9l.l[20l. 

In this work, we are in a situation where the moment map (J, H) is a "torus fibration" with singularities, 
and its base space becomes endowed with a singular integral affine structure. These structures have been 
studied in the context of integrable systems (in particular by Zung 123 il ). but also became a central concept 
in the works by Symington lITSl . Symington-Leung |[T5l in the context of symplectic geometry and topol- 
ogy, and by Gross-Siebert ifTOl . lOTI . |[T2l and |[T3l . among others, in the context of miiTor symmetry and 
algebraic geometry. In fact, our ingredients (i), (iii) and (iv) could have been expressed in terms of this affine 
structure. However ingredients (ii) and (v) do not appear in the affine structure. Nevertheless it is expected 
that these ingredients play an important role in the quantum theory of integrable systems. We hope to be 
able to explore these ideas in the future. 
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The paper is structured as follows: in Section |2] we recall how to construct a collection of symplectic 
invariants for a semitoric system, and state more precisely that two semitoric systems are isomorphic pre- 
cisely when they have the same invariants; this was done in lIlTl . and we need to review it here in order to 
state the existence theorem for semitoric systems. In Section [3] we explain the symplectic glueing construc- 
tion (i.e. how to glue symplectic manifolds equipped with momentum maps). The last two sections of the 
paper are respectively devoted to state the main theorem and to prove it. One might argue that the proof is 
more informative than the statement, as it gives an explicit construction of all semitoric integrable systems 
in dimension 4. 

Acknowledgements. We are grateful to Denis Auroux for offering many insightful comments, and for 
pointing out the papers of Gross and Siebert. 

2 Review of the uniqueness theorem for semitoric systems 

We recall the definition of the invariants that we assigned to a semitoric integrable system in our previous 
paper ifTTl . to which we refer to further details. Then we state the uniqueness theorem proved therein. 

2.1 Taylor series invariant 

It was proven in ll20l that a semitoric system (M, lo, F := (J, H)) has finitely many focus-focus crit- 
ical values ci, . . . , Cmf, that if we write B := F{M) then the set of regular values of F is hii{B) \ 
{ci, . . . , Cmj}, that the boundary of B consists of all images of elliptic singularities, and that the fibers of 
F are connected. The integer m f was the first invariant that we associated with such a system. Let i be an 
integer, with 1 < i < nif. 

We assume that the critical fiber J^rn '■= contains only one critical point m, which according to 

Zung ll23l is a generic condition, and let denote the associated singular- foliation. Moreover, we will make 
for simplicity an even stronger generic assumption : 

If m is a focus-focus critical point for F, 

then m is the unique critical point of the level set J~^{J{m)). 

A semitoric system is simple if this genericity assumption is satisfied. 

These conditions imply that the values J(ci), . . . , J{cmj) are pairwise distinct. We assume throughout 
the article that the critical values q's are ordered by their J- values : J(ci) < J {02) < • ■ ■ < J{cmf )■ 

By Eliasson's theorem ||9l there exist symplectic coordinates (x, y, ^, 77) in a neighborhood U around 
m in which {qi, (72), given by 

qi = xi + yr], q2 = XT]- y£,, (2.1) 

is a momentum map for the foliation J^; here the critical point m corresponds to coordinates (0, 0, 0, 0). 

Fix A' G J^m n (f/ \ {m}) and let S denote a small 2-dimensional surface transversal to at the point 
A', and let be the open neighborhood of Tm which consists of the leaves which intersect the surface S. 
Since the Liouville foliation in a small neighborhood of S is regular- for both F and q = {qi, 52), there is a 
local diffeomorphism ip of such that q = o F, and we can define a global momentum map ^ = tp o F 
for the foliation, which agrees with q on U. Write <I> := {Hi, H2) and := "3>~^(z). Note that Aq = J^m- 
It follows from (12.11 ) that near m the //2-orbits must be periodic of primitive period 27r for any point in a 
(non-trivial) trajectory of Xri- 
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Suppose that ^ G for some regulai^ value z. Let t\{z) > be the time it takes the Hamiltonian flow 
associated with li\ leaving from A to meet the Hamiltonian flow associated with H2 which passes through 
A, and let T2{z) € M/27rZ the time that it takes to go from this intersection point back to A, hence closing 
the trajectory. Write z = {zi, Z2) = zi + iz2, and let In 2 for a fixed determination of the logarithmic 
function on the complex plane. Let 

ai{z) = ri(z)+sR(lnz) 

a2{z) = r2(z)-9(lnz), ^^"^^ 

where and respectively stand for the real an imaginary parts of a complex number. Vu Ngoc proved 
in |[T9l Prop. 3.1] that ai and a2 extend to smooth and single-valued functions in a neighbourhood of and 
that the differential 1-form a := ai dzi + a2 dz2 is closed. Notice that if follows from the smoothness of (T2 
that one may choose the lift of T2 to M such that 0-2(0) € [0, 2it). This is the convention used throughout. 
FoUowing [il9t Def. 3. 1] , let Si be the unique smooth function defined around G such that 

dSi = a, Si{0) = (2.3) 

The Taylor expansion of Si at (0, 0) is denoted by {Si)°°. 

Definition 2.1 The Taylor expansion (S'i)°° is a formal power series in two variables with vanishing 
constant term, and we say that (S'i)°° is the Taylor series invariant of {M, m, (J, H)) at the focus-focus 
point Ci. 



2.2 Semitoric polygon invariant 

The plane is equipped with its standard affine structure with origin at (0,0), and orientation. Let 
Aff (2, E) := GL(2, M) x be the group of affine transformations of M^. Let Aff (2, Z) := GL(2, Z) x 
be the subgroup of integral-afftne transformations. 

Let 3 be the subgroup of Aff (2, Z) of those transformations which leave a vertical line invariant, or 
equivalently, an element of J is a vertical translation composed with a matrix T^, where A; E Z and 

:= J ^ GGL(2, Z). (2.4) 

Let ^ C be a vertical line in the plane, not necessarily through the origin, which splits it into two half- 
-spaces, and let n G Z. Fix an origin in £. Let : —>■ be the identity on the left half-space, and 
T" on the right half-space. By definition is piecewise affine. Let £i be a vertical line through the focus- 
-focus value c, = (xj, yi), where 1 < i < mj, and for any tuple n := (ni, . . . , rimj) G Z'"^ we set 
tfi := t^^ o • • • o . The map is piecewise affine. 

Definition 2.2 A rational convex polygon is the convex hull of a discrete set of points in M?, with the 
condition that each edge is directed along a vector with rational coefficients]^ 

Let := Int(i?) \ {ci, . . . , Cmf}, which is precisely the set of regular values of F. Given a sign 
ej G {—1,+!}, let C ii be the vertical half line starting at Cj at extending in the direction of : 

"it is important to note tliat a convex polygon is not necessarily compact for us. A more accurate denomination would be a 
rational convex polyhedron. 
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upwards if ej = 1, downwards if = —1. Let t := Ui=i^i'- ^-^ l[20l it was shown that 

for e € {— there exists a homeomorphism f = f^: B ^ R^, modulo a left composition by a 
transformation in 3, such that is a diffeomorphism into its image A := f{B), which is a rational 

convex polygon, is affine (it sends the integral affine structure of Br to the standai^d structure of 

M^) and / preserves J: i.e. 

fix, y) = {x, y)). 

f satisfies further properties ifTTl . which are relevant for the uniqueness proof. In order to arrive at A one 
cuts (J, H){M) C along each of the vertical half-lines t^K Then the resulting image becomes simply 
connected and thus there exists a global 2-torus action on the preimage of this set. The polygon A is just the 
closure of the image of a toric momentum map corresponding to this torus action. 

We can see that this polygon is not unique. The choice of the "cut direction" is encoded in the signs 
ej, and there remains some freedom for choosing the toric momentum map. Precisely, the choices and the 
con^esponding homeomorphisms / are the following : 

(a) an initial set of action variables fo of the form (J, K) near a regular Liouville torus in |[20l Step 2, 
pf. of Th. 3.8]. If we choose /i instead of /o, we get a polygon A' obtained by left composition with 
an element of J. Similarly, if we choose /i instead of fo, we obtain / composed on the left with an 
element of 3; 

(b) a tuple eofl and —1. If we choose e' instead of e we get A' = tf^{A) with Uj = (e^ — e-)/2, by |[20l 
Prop. 4. 1, expr. (1 1)]. Similarly instead of / we obtain f = t^o f. 

Lemma 2.3. Once fo and ehave been fixed as in (a) and (b), respectively, then there exists a unique toric 
momentum map fi on Mr := F~^{\ntB \ (|J )) which preserves the foliation T, and coincides with fo°F 
where they are both defined. Then, necessarily, the first component of fi is J, and we have 

fi{Mr) = A. (2.5) 

Proof. The uniqueness follows from the fact that IntB \ (|J £j ) is simply connected, and (12.51) follows 
directly from the construction of A in |[20l . since fj. = f o F. □ 

We sometimes call fi the (generalized) momentum map associated with the polytope A. 

We need now for our purposes to formalize choices (a) and (b) in a single geometric object. Let 
Polyg(M2) be the space of rational convex polygons in M^. Let Vert(IR^) be the set of vertical lines in 
M^. A weighted polygon of complexity s is a triple of the form 

Aw=(a, (^a,),^=i, (e,)j=i) 

where s is a non-negative integer, A G Polyg(M^), ix^ G Vert(M^) for every j G {1, . . . , s}, and ej G 
{-1, 1} for every j G {1,... ,s}, 

minsG A vTi (s) < Ai < . . . < As < max^g a tti (s) , 

where vri : — > M is the canonical projection 7ri(x, y) = x and tti{Ix.) = \j. For any s G N, let Gs := 
{ — 1, +1}** and let Q := {T'^ | k G Z}. The group Q acts naturally on by the affine transformations 
r'^. Obviously, it sends a rational convex polygon to a rational convex polygon. It corresponds to the 



6 



transformation described in (a). On the other hand, the transformation described in (b) can be encoded by 
the group Gs acting on the triple by the formula 

(e;.),^=i • (a, (^a,),^=i, {e,)U) = (*n(A), {h,)U^ ie', e,),^=i) , (2.6) 

where u = ((ej — e9/2)|^^. This, however, does not always preserve the convexity of A, as is easily seen 
when A is the unit square centered at the origin and Ai = 0. However, when A comes from the construction 
described above for a semitoric system (J, H), the convexity is preserved. Thus, we say that 

Definition 2.4 A weighted polygon is admissible when the G^-action preserves convexity. We denote by 
WPolyg^(M^) the space of all admissible weighted polygons of complexity s. 

The set x ^ is an abelian group, with the natural product action. The action of x ^ on W Polyg., {M? ) , 
is given by: 

((e;.),^=i, T^) • (a, iix,)U^ iej)U) = (ts(T^(A)), (4,)|=i, (4e,)^^=i), 
where n=((ei- 0/2)^1. 

Definition 2.5 We call a semitoric polygon the equivalence class of an admissible weighted polygon under 
the {Grrij- X C/) -action. 

Let A be a rational convex polygon obtained from the momentum image (J, H){M) according to the 
above construction of cutting along the vertical half-lines . . . , Imj ■ 

Definition 2.6 The semitoric polygon invariant of (M, a;, (J, H)) is the semitoric polygon equal to the 
{Gyn; X ^) -orbit 

(G^, X g) ■ (a, {£j)]2v G >VPolyg„/]R2)/(^^^ ^ gy (2.7) 





2.3 The Volume Invariant 

Consider a focus-focus critical point nii whose image by (J, H) is Cj, and let A be a rational convex polygon 
con^esponding to the system (M, uj, (J, H)). If ^ is a toric momentum map for the system (A/, to, (J, H)) 
corresponding to A, then the image fJ.{mi) is a point in the interior of A, along the line £i. We proved in 
lITTl that the vertical distance 

hi := n{mi) — min 7r2(s) > (2.8) 

is independent of the choice of momentum map Here 7r2 : — > M is 7r2(x, y) = y. The reasoning behind 
writing the word "volume" in the name of this invariant is that it has the following geometric interpretation: 
the singular manifold Yi = J^^(cj) splits into Yi n {H > H{mi)} and Yi n {H < H{mi)}, and hi is the 
Liouville volume of 1^ n {H < H{mi)}. 
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2.4 The Twisting-Index Invariant 



The twisting-index expresses the fact that there is, in a neighbourhood of any focus-focus point Cj, a privi- 
leged toric momentum map v. This momentum map, in turn, is due to the existence of a unique hyperbolic 
radial vector field in a neighbourhood of the focus-focus fiber. Therefore, one can view the twisting-index 
as a dynamical invariant. Since any semitoric polygon defines a (generalized) toric momentum map /x, we 
will be able to define the twisting-index as the integer fcj G Z such that 

d/i = T^-Av. 

We could have defined equivalently the twisting-indices by comparing the privileged momentum maps at 
different focus-focus points. 

The precise definition of ki requires some care, which we explain now. 

Let Aw = (^A, (ej)JL^i) be as in expression (1277] ). Let i := C E? be the vertical half-line 

starting at q and pointing in the direction of 62, where ei, 62 are the canonical basis vectors of M^. By 
Eliasson's theorem, there is a neighbourhood W = Wi of the focus-focus critical point rrii = F~^{ci), a 
local symplectomorphism (p '■ (^'^, 0) — > W, and a local diffeomorphism g of (M^, 0) such that Focf) = goq, 
where q is given by (12.11) . Since q2° (t>~^ has a 27r -periodic Hamiltonian flow, it is equal to J in W , up to a 
sign. Composing if necessai^y (f) by (x, ^) 1-^ {—x, —^) one can assume that q2 = J o (jiva W, i.e. g is of the 
form g{qi, 52) = (^2, 92(91, 92))- Upon composing 4> by {x, y, ^, i]) ^ (-^, -t], x, y), which changes 
(^i, 92) into {—qi, q2), one can assume that ||^(0) > 0. In particular, near the origin £ is transformed by 
g~^ into the positive real axis if = 1, or the negative real axis if ej = — 1. 




SKA) 

Figure 2.1: Singular foliation near the leaf J^m, where S^{A) denotes the 5^-orbit generated by H2. 

Let us now fix the origin of angular polar coordinates in on the positive real axis, let V = F{W) and 
define F = {Hi, H2) = g'^ o F on F-^{V) (notice that H2 = J). Recall that near any regular torus there 
exists a Hamiltonian vector field Xp, whose flow is 27r -periodic, defined by 

2TrXp = (n o F)Xh, + (r2 o 

where ri and T2 are functions on M? \ {0} satisfying (12.21 ). with cri(O) > 0. In fact T2 is multivalued, but 
we determine it completely in polar coordinates with angle in [0, 27r) by requiring continuity in the angle 
variable and a"2(0) € [0, 27r). In case e, = 1, this defines Xp as a smooth vector field on F^^{V \ £). In 
case = — 1 we keep the same r2-value on the negative real axis, but extend it by continuity in the angular 
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interval [vr, Svr). In this way Xp is again a smooth vector field on F~^{V \ I). Let ji be the generalized toric 
momentum map associated to A. On F~^{V \ I), ^ is smooth, and its components (//i, /i2) = {J, A*2) are 
smooth Hamiltonians, whose vector fields {Xj,X^^) are tangent to the foliation, have a 27r -periodic flow, 
and are a.e. independent. Since the couple {Xj,Xp) shares the same properties, there must be a matrix 
A G GL(2,Z) such that {Xj,X^^) = A{Xj,Xp). This is equivalent to saying that there exists an integer 
ki ^ Z such that 

^^12 = kiXj + Xp. 

It was shown in ifT/l Prop. 5.4] that ki is well defined, i.e. does not depend on choices. The integer ki is 
called the twisting index of Ay^ at the focus-focus critical value Ci. It was shown in II17I Lem. 5.6] that there 
exists a unique smooth function Hp on F^^{V \ i) the Hamiltonian vector field of which is Xp and such 
that limm^m. Hp = 0. The toric momentum map u := (J, Hp) is called the privileged momentum map for 
(J, H) around the focus-focus value c,. If ki is the twisting index of Cj, one hasd/i = T^^du on F-^{V). 
However, the twisting index does depend on the polygon A. Thus, since we want to define an invariant of 
the initial semitoric system, we need to take into account the actions of Gg and Q. 

If we transform the polygon A by a global affine transformation mT^ ^ Q this has no effect on the 
privileged momentum map v, whereas it changes into T*"//. From this characterization it follows that all 
the twisting indices ki are replaced by ki + r. It was shown in ifTTl Prop. 5.8] that if two weighted polygons 
Aw and A^gight "^^e same Gmf -orbit, then the twisting indices ki , k'- associated to A^ and A^eig^t at 
their respective focus-focus critical values Ci, c[ are equal. 

For any integer s, consider the action of the product Gs x C/ on the space WPolyg3(IR^) x Z*: 

{{e'^)U)^ T') * (a, (4,)|=i, (e,),^=i, (A^,)|=i) = {UtHA)), (i.^y^^,, (e^- 6,)j=i, (k, + k^^,) 
where u = {{ej — ej)/2)j^-^, for all integer j, with j G {1, . . . , s}. 

Definition 2.7 The twisting-index invariant of (M, lo, (J, H)) is the (G™^. x tJ)-orbit of weighted polygon 
pondered by twisting indices at the focus-focus singularities of the system given by 

(G™,, X g) * (a, (^,)7i,, G (WPolyg^^(M2) ^ x Q). (2.9) 



2.5 Uniqueness theorem 

To a semitoric system we assign the above list of invariants and state the main theorem in ifTTl . 

Definition 2.8 Let (M, lo, (J, H)) be a 4-dimensional simple semitoric integrable system. The list of 
invariants of {M, uj, (J, H)) consists of the following items. 

(i) The integer number < m/ < cxd of focus-focus singular- points. 

(ii) The m/-tuple {{Si)°°y^J^, where (5'i)°° is the Taylor series of the focus-focus point. 

(iii) The semitoric polygon invariant, c.f. Definition 12. 61 

(iv) The volume invariant, i.e. the m^-tuple (/ij)"!^^, where hi is the height of the focus-focus point. 

(v) The twisting-index invariant, c.f. Definition 12.71 
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Theorem 2.9 (Th. 6.2, lITTl ). The two A-dimensional simple semitoric integrable systems (Mi, wi, ( Ji, i?i)) 
(-/Vf2, 0^2, (>/2) -f^2)) ^irre isomorphic if and only if the list of invariants (i)-(v), as in Definition 12.81 o/ 
(Ml, wi, (Ji, i/i)) equal to the list of invariants (i)-(v) of {M2, UJ2, {J2, H2)). 

3 The symplectic glueing construction 

In this section we explain how to symplectically glue an arbitrary collection of symplectic manifolds {Ma)aeA 
equipped with continuous, proper maps Fa : Ma — > M to form a new symplectic manifold M equipped with 
a continuous, proper map which restricted to Mq, is equal to Fa, c.f. Theorem 13. 101 The results of this 
section, while perhaps well-known among experts, we could not find in the literature. 

3.1 Glueing maps, glueing groupoid 

Let A be an arbitrary set of indices, and let {Ma)a£A be a family of sets. Recall that the disjoint union of 
the sets Ma, a G ^ is the subset of (Uqga -^a) ^ ^ defined by 

IJ Ma ■■= {{x, a)\x G Ma}. 

We denote by ja, a £ A, the natural inclusions : ja ■ Ma lAaeA^^a, x 1— > (x, a). Notice that if 
B C A then Uoes C UaeA course, if all M^'s ai^e pairwise disjoint, as sets, then there is a 

natural bijection bewteen UoeA ^^'^ usual union UaeA 

If the Ma's are topological spaces, the disjoint union Uqga is endowed with the final topology : the 
finest topology that makes the inclusions ja continuous. In particular ja{Ma) is an open set in |jQ,g^ Ma- 

Definition 3.1 A glueing map for the family {Ma)a&A is a homeomoiphism : Ua ^ Up where (a, f3) S 
A^, and Ua C Ma and Up C Mp are open sets. 

In this text we use the standard set-theoretical convention that the notation Lp includes the source and 
target sets Ua and Up; in particular the notation ip{x) implies x E Ua- When required, we use the notation 
and C/^ for the source and target sets of p (assuming C/^ = ip{U^))- 

Definition 3.2 Let be a collection of glueing maps for {Ma)a<^A- The associated glueing groupoid G is 
the groupoid generated by the set of all restrictions of all glueing maps 99 G ^ to open subsets of the source 
sets, with the natural groupoid law : <P2° '-Pi exists whenever the image of the source set of ipi is included 
in the source set of (/?2- 

Definition 3.3 We say that Q is free when there is no nontrivial ip £ G with both source and target in the 
same set M„. 
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3.2 Topological glueing 



We define now the general patching construction. Throughout this section, and unless otherwise stated, we 
do not require topological spaces to be paracompact or Hausdorff. 

Definition 3.4 Let {Ma)aeA be a collection of pairwise disjoint topological spaces, and G an associated 
glueing groupoid. From this we define the set M, called the glueing of {Ma)aeA along G, as M := 
\-\aeA ^^tv/ ~ where is the equivalence relation on UaeA defined by 



Let us check that ~ is indeed an equivalence relation. The reHexivity is obvious. If {x, a) ~ {x', (i) 
and (x, a) ^ {x\ (3) then (p{x) = x' for some (p ^ G. But G is a groupoid so y?^^ G G and of course 
X = ip~^{x'), so (x', P) ~ (x, a), which proves the symmetry property. Finally, if {x, a) ~ {x', (3) and 
(x', P) ~ (x", 7) then there exist tp anf if' in G such that (/j(x) = x' and ^'{x') = x" . Therefore 99' o is 
well-defined on an open neighbourhood of x, so y?' o g G, and (x, a) ~ (x", 7), so we have shown the 
transitivity property. 

Here again we could have dropped the assumption that the Mq's are pairwise disjoint, or we could have 
used a standard union instead of a disjoint union. 

The following lemma follows from the definition of the equivalence relation. 

Lemma 3.5. Let vr : UaeA M be the quotient map. For any subset K C Mq, one has 



where it is assumed that the union is over all (p whose source set intersects K, and Oi{ip) is the element 
in A such that U^p C M^i^^^y 

Lemma 3.6. For the natural quotient topology on M, the maps Ua = ° ja '■ — > M, a £ A are open 
and continuous. They are injective if and only ifQ is free. 

Proof. By definition of the quotient topology, the map vr is continuous. Hence ya = o is continuous. 
Finally if [/ C Mq, is open, then if follows from Lemma [331 that 7r~^(?/Q,(C/)) is open in Uagyi ^a- This 
means that ya{U) is open in AI. 

Fix a £ A. Let x and x' be elements of Mq,. If ya{x) = ya{x') then either x = x' or ip{x) = x' for 
some If € G. The latter is ruled out by the assumption that there is no nontrivial tp £ G with both source 
and target in Ma. Thus in this case ya is injective. If the condition is violated then there exist x 7^ x' in Mq, 
with ja{x) ~ ja{x') SO ya caunot be injective. □ 

3.3 Smooth glueing 

Lemma 3.7. If all Ma 's are smooth manifolds, all if £ Q are diffeomorphisms and Q is free then there exists 
a unique smooth structure on M for which the maps ya, a £ A are embeddings. 



(x, a) ~ (x',/3) 



X = x' or there exists p £ G with x' 



ip{x)) . 








11 



Proof. Let U C Ma be open and \&i g \ U ^ M" be a homeomorphism. By Lemma [X6l is a homeo- 
morphism onto its image. Let U = ya{U) and g = g o {[ya)\u)~^- Then U is an open subset of M and 
g : U — > M" is a homeomorphism. This shows that any chart of Ma descends onto a chart of M. Obviously 
the union of a family of open covers of Ma for all a G ^ descends to an open cover of M. In order to get 
an atlas on M, it remains to check the compatibility condition when an open set Va coming from an atlas 
of Ma intersects an open set Vg coming from an atlas of Mp. Thus, let {Va,ga), C Ma and (Vg, 5/3), 
Vg C Mjj be local charts such that yai^a) = y/3(^) and a ^ 13. Now consider the formula, given by 
Lemma [33]: 

Because Q is free, any if whose source set intersects Va and with a{ip) = a must be the identity. Hence, in 
the lefthand side one can ommit all cp's such that a{ip) = a. For the same reason, one can assume that all 
0(99) 's are pairwise different. Of course the analogue observation holds for the righthand side. Hence we 
can equate terms in the unions (up to permutation). In particulai^ there must exist some if with a{ip) = /3 

and jpiifiVa n U^)) = j/3(Va). Since is injective, ip{Va n U^) = Vp. Let x G Vg and x' = 93"^ (x) G Va. 
Then ya{x') = yp{x), i.e. x' = y'^ o yp{x). Thus {{ya)\vc,)~^ ° {yp)\Vfi = Hence the transition 

map for the charts gu -■= gu ° (ti = a, /3) is equal to 

9a o Qp^ = gaO {{{ya)\Vc)~^ ° (y/j)!^^) o = 9a° ° 9p^, (3-1) 

which is indeed a composition of local diffeomorphisms. Thus M has a natural smooth structure. 

Consider now the map : Ma ^ M. Read in a chait {Va,ga) of M, with cja ■= ga ° ((?/«) 1 14 )~^' 
for some chart {Va,ga) on Ma, it becomes ga ° Va = {9a)\va ) which is a local diffeomorphism. Since we 
already know that ya is a homeomorphism onto its image, it is an embedding. 

Conversely, if y^, a G ^4 have to be embeddings for some smooth structure on M, then any local chart 
on Ma is sent by ya to a local chart on M. Thus, necessarily, we obtain the same charts on M as the ones 
we ' ve j ust constructed. □ 

Remark 3.7 The smooth manifold M given in Lemma [3^ /i^ not necessarily a Hausdorjf space. The defi- 
nition of manifold in Bourbaki lO does not require M to be a Hausdorff topological space, or a paracomact 
space. These aie, however, conditions most frequently required. It follows from Bourbaki O that M is 
Hausdorff if, and only if, for any two smooth charts i.p: U (Z M ^ W^, ip: V d M ^ constructed 
as in the proof of Lemma [3771 we have that the graph of ip o ip~^ : Lp{U n F) — > '4){U n V) is closed in 
ip{U) X i,{V) C M" X W\ 



3.4 Symplectic glueing 

Unlike in the previous two sections, we shall be assuming that the Ma, a G A, are Haudorff, paracompact 
smooth manifolds. Moreover, we will be assuming that there exist continuous, proper maps Fa ■ M —>■ M" 
which can be glued together to give rise to a proper map F: M —>■ M. With the aid of F we will show that 
the Hausdorff and paracompactness properties of the Ma are inherited by M. 

Lemma 3.8. If for each a £ A, Ma is symplectic with symplectic form u>a, and if all (p £ Q are 
symplectomorphisms (and Q is free) then there exists a unique symplectic structure to on M such that 

y*aUJ = uJi, a £ A. 
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Proof. Because (1) all ?/q,'s are embeddings, (2) IJoeA VaiMa) = M, (3) when ya{Ma) intersects yi3{Mp), 
a ^ (3, then o (yo,) = ip for some ip ^ G with ip*ujp = uja, the formula = uja defines a unique 
symplectic form u on M. □ 

We can finally apply this technique in our case : 

Proposition 3.9. Let {Ma)aeA be a collection of symplectic manifolds, each equipped with a map Fa '■ 

Ma — > M". For any a,(3 ^ A let Dap := Fa{Ma) H Fp{Mi^) and assume 

1. Ua ■■= F-^{Daf3) and Up := F~'^{Dai3) are open. 

2. (paf3 : Ua ^ Up is a symplectomorphism such that ^PapFp = Fa. 

3. When Dap^y := Fa{Ma) Fp{Mp) n F^{M^) / 0, ipp^ o (pap = pa'y (restricted to Fa^{DaP'y)). 

Then the smooth manifold M obtained by glueing the collection [Ma)a&A along the set of all {pap) 
symplectic, and there exists a unique map F : M — > verifying Fa = F o ya, where ya '■ Ma ^ M, 
a £ A are the natural symplectic embeddings. 

Proof. The third assumption (cocycle condition) implies that the corresponding glueing groupoid is free. 

□ 

Theorem 3.10 (Symplectic Glueing). Let {Ma)a&A be a collection of symplectic manifolds, each equipped 
with a continuous, proper map Fa : Ma Va C M", where Ya is open. For any a,j3 E A let Dap ■= 
Va^Vp and assume 

L (pap '■ Fa^{Dap) F^^{Dap) is a symplectomorphism such that ip*^pFp = Fa. 

2. When n n / 0, pp^ o pap = Pa-f 

Then the smooth manifold M obtained by glueing the collection (Ma)a^A along the set of all {pap) 
Hausdorff, paracompact (in other words, a smooth manifold in the usual sense) and symplectic, and there 
exists a unique continuous, proper map F : M ^ UaeA C M" verifying Fa = F o ya, where ya '■ 
Ma ^ M, a £ A, are the natural symplectic embeddings. 

Proof The main statement is a corollary of Proposition[321sinceF~^ (14 nVfl) = F~'^{F{Ma) n F{Mp)) 
and thus the right handside is automatically open. 

Next we show that M is Hausdorff. Let z, Hu £ M, where z, w £ UaeA -^a- There are two possibilities, 
that F{z) = F{w) or that F{z) / F{w). If F{z) = F{w), then by definition of F (i.e. Fa = Foya), there 
exists a £ A such that z E Ma and w E Mq. Here we are viewing Ma as a subset of UaeA under 
the canonical identification ya. Because Ma is Hausdorff, there exist open sets Uz C Ma, Uw C Ma, with 
z E Uz, w E Uu, and Uz H U^ = 0. Because Ma is open in UaeA Lemma [331 we have that irlUz) 

and ■7t{Uw) are open subsets of M. By construction, z E 7t{Uz), w E 7r{Uw). It follows from the definition of 
vr as the quotient map \Ja&A Ma ^ M = \JaeA ~' ^at 7r{Uz)n7r{Uu,) = tt{Uz n Uyj) = 7r(0) = 0. 

Suppose on the other hand that F{z) / F{w). Since F{z) E M", E M", and R" is Hausdorff, 

there exist open sets Wz and W^, in W such that F{z) E Wz, F{w) E and Wz n = 0. Since F is 
continuous, F~^{Wz) and F~^{Wyj) are open. Also, by construction, z E F~^{Wz) and €) E F~^{Wyj). 
Of course F'^ {W z) r\ F-'^ (Wy^) = F-i(VF^n W^) =0. 

Let us show that F is proper. Let V := [JaeA ^a- Let A' C y be compact in V. Since K is compact, 
there exists a finite number of open balls Bi of radius e > that cover K and such that any Bi is included 
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in some ^^^(j), a{i) E A. Let {Op}f3^B be an open cover of F~^{K). For any i, the set Bi is compact 
in V^(^iy, hence F~^{Bi) is compact in Mq,. Thus ya{F~^ {Bi)) is compact in M, and hence there exists a 
finite subset Bi C B such that U/3g_B, ^ Vai^a^i^i))- We can conclude, using the fact that 

for all U C = F-\U), (3.2) 

that F~^(Er) C Ui U/3G-Bi ^/3' which shows that ) is indeed compact. 

To complete the properness proof we must show that equality ( 13.21 ) holds. Indeed, the inclusion of sets 
ya{F~^{U)) C F~^{U) follows directly from the equality F o = F^. For the converse, we come back 
to the definition of M. If z € F~^{U) there must exist some zp G Mp such that '^{zp) = z (vr is the 
quotient map of Lemma [331) . Thus Fp{zp) = F{z). This means that Va H is not empty, and there 
is a symplectomorphism ipi3a such that Za '■= ifpaizis) G Ma- This implies ^{za) = T^izfs) = z. Thus 
F{z) = Fa{za) which proves the inclusion F~'^{U) C ya(F~^([/)). 

We have left to show that M is a paracompact space. We have previously shown that F : M — > F is 
a proper map, so in particular; the fibers of F are compact. On the other hand, for each a ^ A, Ma is a 
manifold in the usual sense, and hence it is locally compact, which then implies that jj^jgyi Ma is locally 
compact. We claim that M is locally compact. Indeed, let z G M, where z G Ma for some a. Because Ma 
is locally compact, there is a compact neighborhood Kz of z in Ma containing an open set Uz, with z ^ Uz- 
Since vr is continuous, 'ir{Kz) is compact. Since vr is open, 7r{Uz) is open, and hence 'ir{Kz) is a compact 
neighborhood of z, and we have shown that M is locally compact. 

On the other hand, a continuous, proper map between locally compact Hausdorff spaces is close^l see ID 
Prop. 3, p. 16]. We have already shown that M is Hausdorff and locally compact. Hence, since F: M ^ V 
is a proper map, it is a also a closed map. 

Next we deduce the pai^acompactness of M from the following result 11211 20G, p. 153], Th. 1]: if 
/ : X ^ y is a continuous, closed surjective mapping between topological spaces with compact fibers, and 
Y is paracompact, then X is paracompact as well. We can apply this result with X equal to M, Y equal to 
F{M) C W\ and / equal to F: M ^ F{M). The map F: M F{M) is continuous, closed, and it has 
compact fibers, and F{M), as a subset of M", is paracompact. Hence M is pai'acompact. This concludes 
the proof of the proposition. □ 

4 Main Theorem: statement 

Again we equip the plane with its standard affine structure with origin at (0,0), and orientation. 
4.1 Delzant semitoric polygons 

Let A G Polyg(]R^) be a convex rational polygon in M^, as in Definition [Z2] Recall that in our terminology, 
A is not necessarily compact. We call a vertex a point in the boundary d/S. where the meeting edges ai^e not 
colinear. We shall make the following assumption 

(al) The intersection of A with a vertical line is either compact or empty. 

'Let f : X Y he, such a map. Let A be closed and let y £ F{A). Since Y is Hausdorff {y} is the intersection of closed 
neighborhoods of y. Since Y is locally compact one can assume that one of these neighborhood is compact. Since / is continuous 
and proper, Anf^^{y) is a decreasing intersection of nonempty closed sets in a compact, and hence is not empty. Hence y £ f{A) 
and f{A) is closed. 
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Consider such a vertical line intersecting the polytope. If the intersection is not just a point, then it is a 
vertical segment. The top end of this segment is said to belong to the top-boundary of A. 

To each vertex z of A we associate a couple Bz of primitive integral vectors starting at z and extending 
along the direction of the edges meeting at z, in the order that makes them oriented. Then Bz defines a 
Z-basis of 1? C when, viewed as a 2 x 2 matrix, its determinant is equal to 1. 

Let s G N* and let (Ai, . . . , A^) G W with Ai < • • • < A,,. As before is the vertical line {x = Xj]. 
We are interested only in the following case 

(a2) The vertical lines j = 1, . . . , s intersect the top-boundary of A. 
Let T be the Unear transformation acting as the matrix 

J). 

Definition 4.1 Let z be a vertex of the polygon A and (u, v) = Bz- The point z is called 

• a Delzant comer when there is no vertical line Ix. through it and det(u, v) = 1, 

• a hidden Delzant comer when there is a vertical line l\. through it, it belongs to the top-boundary, 

and det(n, Tv) = 1. 

• ufake comer when there is a vertical line Ix thi^ough it, it belongs to the top-boundary, and det(n, Tv) = 
0. 



For the following lemma recall the definition of admissible weighted polygon, c.f. Definition 12.41 

Lemma 4.2. Let iS.he a convex rational polygon equipped with a set of vertical lines (^Ah • • ■ such 
that the assumptions (al) and (a2) are satisfied. Suppose moreover that 

• any point in the top-boundary that belongs to some vertical line Ixj is either a hidden Delzant comer 
or a fake comer; 

• any other vertex of A is a Delzant comer 
Then the triple 

(A,(4,),^=i,(l,...,l)) 

is an admissible weighted polygon. 

Proof. We need to show that the convexity is preserved under the -action. This amounts to show that for 
any j = 1, . . . , s, the polygon t^. (A) is convex, where (el, . . . , e^) is the canonical basis of "L^. Since t^. is 
affine on both half-spaces delimited by the vertical line Ixj, it suffices to show that ig- (A) is locally convex 
near the points where Ix. meets the boundary 9 A. 

We let {a, z} = Ixj H 5A and assume z lies on the top boundary. By assumption, z is either a hidden 
Delzant corner or a fake corner. Let us consider the vectors (u, v) = Bz. Because z belongs to the top- 
-boundary, the vector u must be directed to the lefthand side of z and v to the righthand side. Since the 
transformation t^. acts only on the right half-space (and there it acts as T), the transformed edges of t^. (A) 
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at z are directed along (n, Tv). By assumption det(u, Tv) is either or 1, which implies local convexity 
at z. 

Now consider the "bottom boundary" at the point a. By assumption the polygon is already locally 
convex at a (which means det(M, w) ^ 0), and a quick calculation shows that the action of t^. may only 
make it even "more" convex. □ 

It is easy to see that the properties of the lemma ai"e preserved by the ^-action. Thus we can state the 
following definition. 

Definition 4.3 Let [A^] be a semitoric polygon as in Definition 12.51 and suppose that is a representative 
of the form ^A, (^Aj )j=u (ej)j=i^ with all e^'s equal to +1. Then [A^] is called a Delzant semitoric 
polygon {of complexity s) if the polygon A equipped with the vertical lines satisfies the hypothesis of 
Lemma l4!2l 

We denote by PPolyg^(M^) C WPolyg^(M2)/G'^ x g the space of Delzant semitoric polygons of 
complexity s, where s < oo. 

The following observation is a consequence of the construction of the homeomorphism / in Section l2!2l 

Lemma 4.4. TJie semitoric polygon in item (Hi) of Definition 12.81 /5 a Delzant semitoric polygon. 

In addition, note also that for any representative A of the semitoric polygon [A^] in Definition ITU and 
for each iG{l,...,mj}asin item (iv) of Definition 12. 81 the height hi satisfies the inequality 

< /li < length(An^i)- (4-1) 

This is because by (12.81 ) we have hi := fi{mi) — min^gf-nA '^2{s), where /x is a toric momentum map for 
the system (Af, cj, (J, H)) corresponding to A. Now, since i^{mi) is a point in the interior of A, along the 
line £i, expression (14.11 ) follows. 



4.2 Main Theorem 

The following definition describes a collection of abstract ingredients. As we will see in the theorem fol- 
lowing the definition, each such a list of elements determines one, and one only one, integrable system on 
a symplectic 4-manifold (which is not necessarily a compact manifold, but we can characterize precisely 
when it is in terms of one of the ingredients of the list). Moreover, this integrable system is of semitoric 
type. 

In the definition the term M[[X, 1"]] refers to the algebra of real formal power series in two variables, 
and M[[X, y]]o is the subspace of such series with vanishing constant term, and first term ai X + with 
da G [0, 2 7r). 

Definition 4.5 A semitoric list of ingredients consists of the following items. 

(i) An integer number < < oo. 

(ii) An m/-tuple of Taylor series ((5'0°°)^^i G Y]]o)"'f . 

(iii) A Delzant semitoric polygon [A^] of complexity mj, as in Definition |43] 
We denote the representative A^ of [A^] by f A, (ix. , (e^ ) j . 
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(iv) An mj-tuple of numbers {hj)-l^ such that < hj < length(A n ii) for each j G {1, . . . ,mf}. 

(v) A {Gruf x ^)-orbit of (A^, where {kj)Jl-^ is a collection of integers. 



Now we are ready to state the main theorem, the proof of which is contructive and, in view of Section |2] 
and Lemma l4!4l gives a recipe to construct all semitoric integrable systems up to isomorphisms. 

Theorem 4.6. For each semitoric list of ingredients, as in Definition \4.5\ there exists a A-dimensional simple 
semitoric integrable system (M, w, (J, H)), such that the list of invariants (i)-(v) of (M, uj, (J, H)) as in 
Definition 12.81 /5' equal to this list of ingredients. Moreover, M is compact if and only the polygon in (Hi) is 
compact. 

4.3 Classification of 4-dimensional semitoric systems 

Consequently, putting Theorem 14.61 together with Theorem 12.91 proved in ifTTl . we obtain the classification 
of integrable systems in symplectic 4-manifolds. 

Theorem 4.7 (Classification of 4-dimensional semitoric integrable systems). For each semitoric list of in- 
gredients, as in Definition \4. 51 there exists a A-dimensional simple semitoric integrable system with list of 
invariants equal to this list of ingredients, c.f Definition \2.8\ Moreover, two A-dimensional simple semitoric 
integrable systems are isomorphic if, and only if, they are constructed from the same list of ingredients. 

5 Proof of Main Theorem 

Let ^A, (^Aj )j=ii (ej)j=i^ be a representative of [A^] with all e^'s equal to +1. The strategy is to use the 
glueing procedure of Section[3]in order to obtain a semitoric system by constructing a suitable singular torus 
fibration above A C M^. 

For j = 1, . . . , m/, let Cj G be the point with coordinates 

Cj = {Xj, hj + min(^2 ( A n ^A, ) ) ) . (5.1) 

Because of the assumption on hj, all points Cj lie in the interior of the polygon A. We call these points 
nodes. We denote by i'j the vertical half-line through Cj pointing upwai^ds. We call these half-lines cuts. 

We have divided the proof of the theorem in a preliminary step, three intermediate steps and a conclusive 
step. In the preliminary step we construct a convenient covering of the polygon A. 

Then we proceed as follows. First we construct a "semitoric system" over the part of the polygon away 
from the sets in the covering that contain the cuts then we attach to this "semitoric system" the focus- 
focus fibrations i.e. the models for the systems in a small neighborhood of the nodes. Third, we continue to 
glue the local models in a small neighborhood of the cuts. The "semitoric system" is given by a proper toric 
map only in the preimage of the polygon away from the cuts. We use the results of Section [3] as a stepping 
stone throughout. 

Finally we recover the smoothness of the system and observe that the invariants of the system are pre- 
cisely the ingredients we started with. 
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Preliminary stage. A convenient covering. — We construct an open cover of the polygon. Because of the 
discreteness of the set of vertices of the polygon, and the local compactness of M^, we one can find an open 
cover {0,c()aeA of A such that the following three properties hold: there exists p > such that all rj^'s 
are integral-affine images of the open cube C := with / =:] — p,p[, i.e for every a ^ A there exists 
Ra G Aff(2, Z), such that Qa = Ra{C); each vertex of the polygon, and each node, is contained in only 
one open set Q.^ \ two open sets containing a vertex or a node never intersect each other. In fact, if 

a:=Cn{y^O}, := Cn{a; ^ 0}n{y ^ 0}, 

one can assume that, for any a G A, (7 j if r^Q, intersects d/S. but does not contain any vertex then n A = 
Ra{Cc), and that (2) if il^ contains a Delzant corner, then n A = i?a(Cee). The first case holds since 
along any edge one can find a primitive vector, and complete it to a Z-basis of 1?. It remains to compose 
by a suitable translation to position the image of Cg at the right place. The second case is similar, since at a 
Delzant corner the primitive vectors of the meeting edges form a Z-basis of 1?, c.f. Definition 14. II 

First stage. Away from the cuts. — Let A' <Z Ah& the subset obtained by removing all indices intersecting 
the cuts. We construct a semitoric system above UaeA' glueing the following local models. Let B 

be the open disk in T* M = of radius \/2p, centered at the origin. Consider the following models: the 
regular model : Mr := x C C r*T^ with momentum map 

Fr{xi, X2, 6, 6) := (6, 6); 

the tranversally elliptic model : Mg := (T^ x /) x E) c T* x T* M, with momentum map 

i^e(xi, a, ^2, 6) :=(6, (2;2 + ef)/2); 

and the elliptic-elliptic model : Mge := D x D C T* M x T* M, with momentum map 

F,,{xi, 6, ^2) := {{xl + e?)/2, {xl + ^2)/2). 

Observe that F^{M^) = C, Ff.{M(;) = Cg, and Fge(Mge) = Cgg. Notice also that these models are all toric, 
in the sense that the momentum maps generate an effective hamiltonian action. What's more, these 
momentum maps are proper for the topology induced on their images. 

Given any Qa, a £ A', we obtain a (singular) Lagrangian momentum map over Qa, whose image is 
precisely JIq, n A by the following simple rule : faj If Q,a contains no boundary points of A and no nodes, 
then we choose Ma := with momentum map Fa := Ra°F^', (b) If 0,a interects OA but does not contain 
vertices, we choose Ma ■= Mg, with momentum map Fa := Ra ° F^.. (c) If Qa contains a Delzant coner, 
we choose Ma := Aige» with momentum map Fa := Ra ° T^ee- 

We describe now the transition functions : when Aq,^ := n il/j 7^ 0, we want to define a symplec- 
tomorphism 

^afi : F-\Aap) ^ F-\Aa^) such that ip*^pFp = Fa- (5.2) 

For this we use the following notation : when R G Aff(2, Z), we denote by R the symplectomorphism 
^ : T2 X M2(= T* T2) ^ t2 X M2 given by (x, ^) ^ {{'^dR)-^x, R^, where dR is the linear part of R. 
Remark that ^ o R = Ro ^. 
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Case 1. If both and Fp are regular models, we let 

ipa(3 ■= Rp^ Ra- 

Then Fp o ip^p = Rp o F, o ip^p = Fr o Rp o ip^p = F, o Ra = Fa, i.e. holds. 



(5.3) 



Case 2. If F^ is regular and Fp is transversally elliptic, we introduce the symplectomorphism (symplectic 
polar coordinates) 

(A-e : Mr n (T^ X M) X (T^ x (T^ x M) x (M^ \ {o}) n Ak 

{xi, 6, X2, 6) ^ 6, v^2^cos(x2), -\/2^sin(x2)). 
Notice that 'p*^F^ = F^. Thus we can define 

'^aP ■= y^re o Rp^Ra- (5.4) 

We have Fp o (^^^ = Rp o F^ o Lf^^ ° Rp^Ra = Rpo F^o R^^Ra = F^o Ra = F^, i.e. (15.2b holds. 
Ca^e 3. Similarly, if Fa is regular and Fp is elliptic -elliptic, we introduce the symplectomorphism 

^p,ec ■■ Mr n (T^ X m;) X (T^ X m;) ^ (m^ \ {o}) x (r^ \ {o}) n Mee 

/ \/2^cos(xi), - ^/2^sin(xi),\ 



Again (/Ci*ee-?ee = -fr> and if we define 



\V 2^2 cos(x2), - v2^2 sin(x2). 

O R^^ Rn 



(5.5) 



O) holds. 



Ca^e 4. If both Fq, and are transversally elliptic models, then the affine map Rap := Rp^Ra is an 
oriented transformation that preserves the upper half-plane. Thus the horizontal axis is globally preserved, 
and the vector ei = (1, 0) is an eigenvector of dRap- Since dRap € SL(2, Z), it is of the form 



Tk :-- 



1 k 
1 



for some S Z. Hence Rap = Tu o where is the translation by a horizontal vector u = (ui, 0). 
Consider the symplectomorphism Rap{xi, ^1, X2, ^2) '■= {x'l, C'li ^'2, ^2) of T* x T* M given by 

x'l = Xi 

el = ei + M^i + ei)/2 + ui 

Observe that F^ o R^p = R^p o F^. Now we define 



(fajS :— Ra/Blp-'^ 



(5.6) 
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and we verify Fjs o R^f^ = RpF^ o R^p = RpR^pF^ = RaF^ = Fa, hence (15.21 ) holds. 

Case 5. If Fa is a transversally eUiptic model, while is elliptic-elliptic, then, as in the previous case, the 
intersection Aq,^ contains a portion of an edge, but not the vertex itself. This edge is mapped by Rjs from 
either the horizontal or vertical positive axis. Suppose for simplicity that it is the horizontal axis. As before, 
the affine map Raf3 defined in Case 4 is an oriented transformation that either preserves the upper half-plane, 
and thus one can construct a symplectomorphism Ra/s of T* x T* M such that Fg o Rajs = Rap o i^. 
Introduce the symplectomorphism 

(/?eee : Mc H (T^ X M^) X ^ (R2 \ {0}) X n Mee 

{xi, ii, X2, 6) ^ (y2^cos(xi), -y2^sin(xi), X2, 6)- 
Notice that i^g ° '/'eee = Fe and, whenever both are defined, (/9eee = <A-ee ° V^^- We define 

^afi ■= y'eee ° Ra/S, (5.7) 

and verify now routinely that Fp o ipap = Fa, i.e. ( 15.21 ) also holds in this case. 

We have defined the transition maps ipa/s in the five cases (15. 31 ). (15.41 ). (15. 51 ). (15.61 ). and (15.71 ). and verified 
that equation (15.21 ) holds for each of them. In fact one should also mention that for the non-symmetric 
cases ( 15.41 ). ( 15.51 ). and ( 15.71 ). we let ip/ja '■= (this is automatic for the symmetric cases (15.31 ) and ( 15.61 )). 
Then it is easy to verify that the cocycle condition if fulfilled. Namely, when the triple intersection Qap H 
n U^a is not empty, then 

ip^a ° ^iSj O 'PalB = Id. 

Thus we can apply the glueing construction, c.f . Theorem 13.101 and obtain a symplectic manifold M^i 
with a surjective map 

Fa> -.Ma'^ \J naC 

aeA' 

and, for each a ^ A' C A, there is a symplectic embedding ia : Ma Ma' such that i^* F4/ = Fa- Since 
all Fa are proper smooth toric momentum maps, so is F4/ . 



Second stage. Attaching focus-focus fibrations. — Fix an integer i, with 1 < i < nif. Using the 
classification result of |fT9l . one can construct a focus-focus model associated with an arbitrary Taylor series 
invariant. Precisely, for each node q, there exists a symplectic manifold Mj equipped with a smooth map 
Fi : Mi C such that the symplectic invariant of the induced singular foliation is precisely the Taylor 
series S°°. Using the result of |[20l . one can construct a continuous map /xj : Mi Di, where Di C 
is some simply connected open set around the origin, that is a smooth proper toric momentum map outside 
where i := {(0, y)\y ^ 0}. In fact ^Uj = gi o Fi, for some homeomoiphism gi : C ^ Di that is 
smooth outside £, and which preserves the first component : it is of the form 

9i{x, y) = (x, fi{x, y)). 

This construction depends on the choice of a local toric momentum map for the fibration over C \i. Here 
we choose the privileged momentum map as defined in Section 12.41 We are now in position to add to the 
index set A' all the indices a £ A corresponding to the nodes, and thus defining a new index set A". If Q,a 
contains the node Cj, we let Ra be the matrix T^. left-composed by the translation from the origin to the 
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Figure 5.1: The pieces Mi and the chart diagrams for F^, Fj, gi and 



node Ci. Here kj is the integer given as ingredient (v) in the list. We may assume that Q.^ = Ra{Di). Then 
we choose A/q, := Mi with momentum map Fa := Ra ° /^i- 

By making p small enough, one may assume that aWQp, P G A', intersecting an open set Oq, containing a 
node carry regular models. Thus we need to define transition functions between a regular model and a focus- 
focus model. On A^^^ := Qa H both momentum maps Fa and are regular. Contrary to all previous 
cases, the focus-focus model Fa is not explicit, and we cannot simply provide an elementary formula for 
the transition map ipaf3- However, since C \ £is simply connected and a set of regular values of Fi, we can 
invoke the Liouville-Mineur- Arnold action-angle theorem and assert that there exists a symplectomorphism 
V3i : Fr^{C \e) xC C T*T^ = {{x, G x M^} such that 

Fi = ipi{hi{^)) for some diffeomorphism hi : C' ^ C \ £. 

Then //j = ip*{gi o hi{^)). Since both /ij and ^ ai^e toric momentum maps for the same foliation, there exists 
a transformation Hi G Aff(2, Z) such that gi o hi = Hi. 

Thus, if Fa is focus-focus and is regular, we introduce the symplectomorphism 

^ap ■■= Rp'RaH, o : FaH^ap) ^ F-^Aa^). (5.8) 

We verify F^ o = Fj. o Rp o ipaf3 = RaHiFr o ipi = RaHi = F^, so we have shown (15.21 ). 

We can now include these nodal pieces in the symplectic glueing construction using Theorem 13.101 
which defines a symplectic manifold Ma" and a proper map 

Fa" : Ma" y C 

aeA" 

However Fa" is not smooth everywhere, but it is a smooth toric momentum map outside the preimages of 
the cuts £t (j = 1^ . . . , mj). 
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Third stage. Filling in the gaps. — Here we add the open sets il^ that were covering the cuts ii by 
switching these hnes on the other side. Let ti := ti^_ as in Section l2!2l The cut if is invariant under ti. The 
open sets ti{Qa), a & A \ A" form a cover of ii n ti(A). Within the geometry of the new polygon ti(A), 
each of these open sets can be associated with either a regular- model, a transversally elliptic model, or an 
elliptic-elliptic model (indeed, under the transformation ti, a fake comer disappears, and a hidden Delzant 
corner unhides itself.) 

Thus we can add these to our glueing data, which amounts to equip each such open set with the 
model (A/q, t^^ o F^), where {Ma, Fa) is determined as before, but for the transformed polygon tj(A). 

The transition maps are defined with the same formulas as before, taking into account that the map Ra 
is now a piecewise affine transformation. The cocycle conditions remain valid as well. 

Doing this for all indices i, because all the Fa are continuous and proper, by Theorem l3.10[ we obtain a 
smooth symplectic manifold M = Ma equipped with a proper, continuous map ^ = Fa 

li-.M^ y C M^ (5.9) 

a&A 

whose image is precisely A. 

However, the map /i is a proper toric momentum map only outside the cuts ii. In other words, pL fails 
to be smooth along the cuts ii. (Note that in the symplectic glueing construction. Theorem 13. 101 we did not 
make any smoothness assumption on the F^, nor made any conclusion on the smoothness of F). 



Fourth and final stage. Recovering smoothness. — In this step we compose the final momentum map 
/i in ( 15.91 ) on the left by a suitable homeomoiphism in order to make it smooth. Let JIq, be the open set 
containing the node q. Let hi = g^^ : Di ^ C. The map hi is a bilipschitz homeomorphism fixing the 
origin and a smooth diffeomorphism outside the positive vertical axis. It is of the form 

hi{x, y) = {x, r]i{x, y)). 

Since hi is orientation preserving, ^{x, y) > for all {x, y) G Di. Let 5i > be such that [—25i, 26i]^ C 
Di and consider the vertical half-strip Ss^ := [—5i, 5i] x [—5i, oo[. 

Claim 5.1. There exists a function fji : Di ^ C such that 

(1) fii{x, y) = r]i{x, y) for all {x, y) G A n S^^; 

(2) fii{x, y) = y for all {x, y) G A \ S2S,; 

(3) ^{x,y)>Qforall{x,y)£Di. 

In order to show this recall that if / : ^ ^ M is smooth and A C [/ C is closed, then / has a smooth 

extension to / : U ^ M where U is open, see for example |[22l Lem. 5.58 and Rmk. below it]. Let us apply 

this fact in our situation. Let := (A H S'^J U (A \ Int(S'3ii^)), which is a closed subset of A C M?, 

^ 2 
and let rji : Ag. ^ M be the smooth function given by 

^■'(^'y)=| y if(x,y)G A\Int(5a^). ^^.lO) 

Because As^ C Di, and Di is bounded, there exists a constant < Cj < 1 such that ^ > c on A^. 
and hence ^ > q on As^. Let Q := ^ — q: M, which by assumption is strictly positive. By 
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Figure 5.2: The set As. := {Di n S'^J U {Di \ lni{Sas^)), on which % is defined. 



the above fact C,i extends to a smooth function Gi : Di ^ M. Because the proof of the fact preserves non- 
negativity, and Ci > 0, we have that Gi > 0. By possibly shrinking the size of Di we can assume that Di is 
a disk of radius rj > centered at the origin. Let Xs^ := [—ri, — ^] U Vi], Ys^ := [—6i, 6i], Zs^ := 



35i 



6i] U [(^i, ^] and let i^j : X^. ^ R and : ^ M be the functions given by i/j(x) := -r]i{x, 0) 



and 



34, 
2 



{Gi{x, t) + Ci) dt, 



where we are using the convention fa ^ = — h when a > b. Because rji and Gi are smooth functions, 
vl and ul are also smooth. Let /3* : [— r^, r^] — > R be a smooth extension of the function Xs- U Y5 . — > M 
defined by i/{ on X^. and by 1/3 on Y5. , which again exists by a partitions of unity argument. 
Consider the function r/j : — > M given by 



rii{x,y) := p\x)+ {Giix, t) + a) dt. 
Jo 

Because /3 is a smooth extension of ul and and G is smooth, rji is smooth. We claim that rji\AgX^j u) = 
r/i(a;, y) if (x, y) G A^^. First assume x G Y^., and moreover that — < y < — Because Gj is an 
extension of gi we have that 



VilAsXx, y) = V2{x) + 



' (G,(x, t) + a) dt + r ^(x, t) dt 



and hence by the fundamental theorem of calculus, and using the definition of 1^2 we obtain that 

ViIasXx, y) = vl{x) + 



34,- 

{Gi{x, t) + Ci) dt + (r?i(x, y) - rii{x, — ^)) ) = r/i(x, y). (5.11) 
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The remaining subcases within the case of x E 1^. are when —5i < y < 0, which follows by the same 
reasoning as in (a) using the formula for i/J instead of u^, the case of < y < r^, which is trivial because the 
extension is defined by the original function therein, and the case of — < y < in which (x, y) ^ As- 
so there is nothing to prove. The case of x G X5. follows by the same type of argument as the case of . . 
The case of x G Zs- is immediate because the extension is defined by the original function therein. 

Applying again the fundamental theorem of calculus, because the functions z/J, z/2, /3* do not depend on 
y, we have that 

^ = Q + Q, (5.12) 
dy 

which is strictly positive since G-i > and Cj > 0. Because (15.121 ) and ( 15.111 ) hold we in turn have, in view 
of the definition (15.101 ) of rj, that properties 1, 2, 3 are satisfied. This concludes the proof of Claim |5J] 

Let Qi := Di U {(x, y)\y < 2(^j}. Because of the properties 1, 2, 3 of fji, the map 

hi : (x, y) ^ {x,fii{x, y)) 

coincides with hi in 5^ . , while it is equal to the identity outside 825^ ■ Thus we can extend it to 17^ by letting 
it to be the identity outside Di U S2S, ■ We call this extension hQ^ . Consider the map 

hn, ■■= /in, \ 

where to is the piecewise affine map t£ with i being the positive vertical axis. In to(^ H SsJ, it it equal to 
hi o tQ^, which is now smooth outside the negative vertical axis (this follows from |[20l Thm. 3.8]; also from 
the fact that it is the homeomorphism that one obtains in the construction of the generalized momentum map 
to ° 9i ° Fi = to o fli; this amounts to switching the cut downwards.) Using the claim at the beginning of 
this step upside-down we can modify fiQ^ in Qi n {y > 6i} in such a way that we can then extend it to be 
smooth on to{{y > 6i}). We obtain a homeomorphism of that we call {h^2)i. 
Define the map 99^ : ^ 

ipi := Ra o (/liR>2)i o to o R~^. 

Because ipi is a composite of homeomorphisms, it is a homeomorphism. Moreover, outside of 826^ we have 
that 

ipi = RaO Ch^2)i o to o R~^ = Ra° {hn, ° t^'^) o to o 

and since hQ,^ is the identity outside of 525^ we conclude that ^pi is the identity map outside 825^ ■ Now let 
93 : ^ be the piecewise defined map 

^(x,y):=| ^Hx,y)^S2S-, 
' \ (x, y) otherwise . 

Since each ipi is a homeomorphism, and equal to the identity outside of 825^ , the formula (15.131 ) defines a 
homeomorphism. 

Claim 5.2. The map F : M ^ R2 defined by F := If o fj, is proper, and smooth everywhere. 

The propemess claim is immediate since is a homeomorphism and is proper. 
In order to show that F is smooth, consider the map Fj : M — > defined as a composite Fi := ipio fi, 
where recall is the map ( 15.91 ). By definition of ip, we have that F\s^ = Fi, and hence to prove the claim 
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it suffices to show that each Fi is smooth. To prove this, we distinguish three cases. 

Case 1: in a neighborhood of Ci. In the neighborhood of q sent by R^^ into [—6, 5]^, we have that 

(^182 )j toR^^ = Kq. toR^^ = IqR^^ = hiR^^. 

Recall that = Fa = Ra ° fJ-i- Therefore one can write, in the preimage by /x of this neighbourhood, 
Vai^i) — Vai^i ° i^i) — ^i- Since Fi is smooth, it follows that Fi is smooth in Q.^. 

Case 2: away from the cut £i. Let Aj := Ujyi i^^^i^j) We have that 

{h^2)itoR~^ = hntoR'^ = hnRa^ on the set {Ra o tQ^){{{x, y)\y < -Si/2}), 

which by construction is smooth on this set. Thus Fi has the same degree of smoothness as fi on the set 
ot-i)({(x, y)\y < -S/2})). Note thatthe set ;u-i((ii« o y) |y < -6i/2})) does 

not contain n~^{ii). The same argument applies to the analogue subsets of M coiTcsponding to the re- 
gions {(x, y)\x < —5i/2} and {(x, y)\x > 5i/2}. On the subset of M corresponding to the region 
{(x, y)\y > Si/2}, the map {hT^2)i is smooth by construction. Hence the map Fi is smooth on M \ A^. 

Case 3: along the cut £i, away from Ci. Remark that to^o^ = Ra^U- By construction of /i above the 
open sets U/^ covering the cut ii, we have that y*^^ = Fp. Hence 

y*p{{h^2)i to R~^ = y} {(11^2) iF/s) on the set fi^^inp), 

and this expression defines a smooth map. Thus Fi is smooth. 

Hence putting cases 1, 2, 3 together we have shown that Fi is smooth on fi~^{Qj3) for all Qjj covering 
the cut ii, and elsewhere, Fi is as smooth as fi. This concludes the proof of Claim [s!2l 

Write F := (J, H). We then have the following conclusive claim. 

Claim 5.3. The symplectic manifold {M, uj) equipped with J and H is a semitoric integrable system. 
Moreover, the list of invariants (i)-(v) of the semitoric integrable system (M, uj, (J, H)) is equal to the list 
of ingredients (i)-(v) that we started with. Finally, M is a compact manifold if and only A is compact. 

Let us prove this claim. We know from Claim 15.21 that F is smooth. Since the first component J 
is obtained from glueing proper maps, it follows from Theorem 13.101 that J is proper. What's more, the 
Hamiltonian flow of J is everywhere periodic of period 27r because it is true in any local piece Ma. Clearly 
{J, H} = 0, since it is a local property. It is also easy to see that the only singularities of F come from 
the singularities of the models Fa, for the glueing procedure does not create any additional singularities. 
Now, near any elliptic critical value, the homeomorphism /i is a local diffeomorphism, so F has the same 
singularity type as the elliptic model Fa. Finally, near a node we have checked in the proof of Claim [5^ 
that F is precisely equal to the model Fi, and hence possesses a focus-focus singularity. Thus, provided we 
show that M is connected, (J, H) is a semitoric system. 

Let us now consider its invariants (the connectedness of M will follow). 

(i) As we mentioned, the singularities of F are only elliptic, except for the nodes ci , . . . , above each 
of which we have constructed a focus-focus singularity. Hence we have m f focus-focus singularities. 
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(ii) Each focus-focus singularity was constructed by glueing a semi-local model with prescribed Taylor 
series invariant {Si)°°. Since this Taylor series is precisely a semi-local symplectic invariant, it is 
unchanged in the glued system (M, F). 

(iii) Thus we have a completely integrable system on M that defines an integral affine structure (with 
boundary) on the image of F, except at the nodes q. For any choice of vertical half cuts {£i, e/), the 
generalized momentum polygon is the image of the affine developing map. But the momentum map 
^, outside the focus-focus fibres, is precisely such a developing map and its image, by the glueing 
procedure, is the polygon A. Hence the semitoric polygon invariant of F is the orbit of A^. (See 
Lemma 12.3 1 ) 

Notice that this shows that the image of /i is connected, which implies that the total space M, obtained 
by glueing above the image of /i, is connected as well. 

(iv) It follows directly from (iii) above and the definition of the nodes Cj in (15.11 ) that the volume invariant 
defined in (12.81 ) is equal to {hi , . . . , /im/ )■ 

(v) We calculate the twisting indices of our semitoric system with respect to the fixed polygon A or, 
which amounts to the same, with respect to the toric momentum map By definition, the twist is 
the integer kj such that 

where is the privileged momentum map of the focus-focus fibration above cj. From the second 
stage of the construction, we know that 

fl = Fa = Ra o flj = T o T^^ o /ij , 

where r is some translation. Hence d// = T^^d^j, and thus kj = kj. 

Thus we see that we could prove the second part of the claim because our construction is by symplec- 
tically glueing local pieces with the appropriate ingredients as in Definition 14.51 This is an advantage of 
constructing by glueing local pieces rather than, for example, a global reduction on a larger space. 

This concludes the proof of Claim [531 and hence the proof of the theorem. 
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